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Abstract
Let n be an odd positive integer. It is shown that the complete graph Kn has a vertex magic total
labeling with magic constant h if and only if (n/4)(n2 + 3)h(n/4)(n+ 1)2. This partially solves
the conjecture regarding possible magic constants of complete graphs. In addition, new techniques
are introduced to allow for the simultaneous construction of labelings with different magic constants,
and to then alter some of these labelings to obtain new ones with slightly lesser magic constants.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Throughout this paper, we let G be an undirected graph with vertex set V and edge set
E. For each vertex x ∈ V , we deﬁne adj(x) to be the set of all vertices adjacent to x. We say
that  is a numbering of the graph G if  is a map from V ∪ E into the integers. Deﬁne the
-weight, wt(x) of a vertex x to be
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We say that  is magic if each vertex has the same weight. Thus,
wt(x) = h for every x ∈ V . (1)
If in addition, the range of  is the set {1, 2, . . . , (|V |+|E|)}, then  is necessarily a bijection,
and we say that it is a vertex magic total labeling (or simply VMTL). VMTLs were ﬁrst
deﬁned and investigated by MacDougall et al. [5].
The ﬁxed integer h is then called the magic constant of . Note that the label (x, y)





wt(v) = Sv + 2Se,
where Sv is the sum of all vertex labels and Se is the sum of all edge labels.
This observation always leads to upper and lower bounds for h. Any integer between
these bounds is called a feasible value for h. In particular, if  assigns the smallest in-
tegers 1, 2, . . . , |V | to the vertices, then h will be the largest possible, and if  assigns
the largest integers |E| + 1, . . . , |E| + |V | to the vertices, h will be the smallest possi-
ble. This argument was used in [5], where the concept of VMTL was ﬁrst introduced.
Our main result, Corollary 3, is a partial solution to the following conjecture
from [5]:
Conjecture 1 (MacDougall et al. [5]). For each n> 4, there is a labeling of Kn for each
feasible value of h.
In [5], they veriﬁed the conjecture by brute force for n=5 and n=6. In addition, they gave
a very interesting example of a VMTL for Kn for each odd n, using magic squares. Most
of the work so far [5,6,2,3], for example, has been dedicated to proving the existence of at
least one VMTL for each graph in an inﬁnite family. The spectrum of a graph is the set of
all possible magic constants. In this paper, we solve the spectrum problem for odd complete
graphs.
Another point should be made. MacDougall conjectured that K2 and 2K3 are the only
regular graphs without a VMTL. This conjecture provided the motivation for [6], where
VMTL’s were given for a large family of cubic graphs. Some of the techniques used there
were modiﬁed and used here. If one subtracts 1 from each label of a VMTL, one obtains a
numbering with range {0, 1, . . . , (|V | + |E| − 1)}. Moreover, the weight of each vertex v
would be decreased by (1+deg(v)). Assuming that the graph is regular, the new (bijective)
numbering would still be magic. We will ﬁnd it more convenient to look for these kinds
of numberings, and then add 1 to each label to obtain a VMTL. The necessary deﬁnitions
are in Section 2. In Section 3 we will provide labelings for speciﬁc magic constants, and
in Section 4 we will show how the labelings in Section 3 can be slightly altered to obtain a
new labeling with prescribed magic constant.
242 D. McQuillan, K. Smith / Discrete Mathematics 305 (2005) 240–249
2. Preliminaries
The purpose of this section is to establish some notation, as well as a few elementary
propositions which will be useful later. The proofs are easy exercises which we leave to the
reader.
Notation 1. Let  and  be numberings of a graph G, and let c1, c2 and c3 be integers. Then
c1 + c2 + c3 is the numbering deﬁned by
(c1 + c2 + c3)(w) = (c1)((w)) + (c2)((w)) + c3,
for each w ∈ V ∪ E.
Proposition 1. Let  and  be magic numberings of a d-regular graph G with magic
constants h and h, respectively. Then c1 + c2 + c3 is a magic numbering with magic
constant c1h + c2h + c3(d + 1).
Deﬁnition 1. Let  be a numbering of a graph G. We say that  is an n-surjection if maps
V ∪ E onto {0, 1, . . . , (n − 1)}. If, in addition,  is a magic numbering, we say that  is a
magic n-surjection of G.
If  is an n-surjection and  is an m-surjection, then n +  maps V ∪ E into the
set A = {0, 1, . . . , (nm − 1)}. Each element x ∈ A can be written uniquely in the form
x = nq + r, 0qm − 1, 0rn − 1, p, q ∈ Z. Hence, we see that x is in the image of
n +  if and only if −1(q) ∩ −1(r) = ∅. This motivates the following:
Deﬁnition 2. Let G be a graph with |V ∪ E| = mn. Let  be an n-surjection and let 
be an m-surjection. We say that  and  are compatible if for each q, r ∈ Z, 0qm −
1, 0rn − 1, we have |−1(q) ∩ −1(r)| = 1.
Proposition 2. Let G be a graph with |V ∪ E| = mn. Let  be an n-surjection and let  be
an m-surjection. Assume that  and  are compatible. Then, n +  is an mn-surjection.
Proposition 3. Let G be a regular graph with |V ∪ E| = l. Then  is a magic l-surjection
if and only if  + 1 is a vertex magic total labeling.
3. Magic surjections for Kn
Our main goal is to ﬁnd a VMTL for each feasible value of h. However, it will be more
convenient to use Proposition 3 and insteadﬁnd the corresponding surjections. In this section
we focus on certain surjections  which can be written in the form
 = n + ,
where  and  are themselves magic surjections.




























Fig. 1.  and  for K5.
For the rest of this paper, m is a ﬁxed positive integer greater than 1, and n = 2m − 1.
For any integer x, we will write x to mean the least residue of x (mod n). Thus, (2m) = 1.
Also, G will henceforth only refer to Kn the complete graph on n vertices. We write V =
{v0, v1, . . . , vn−1} and E = {(vi, vj ) | i = j, 0 i, j(n − 1)}. It is easily checked that
|V ∪ E| = mn. Let p : {0, 1, . . . , (n − 1)} → {0, 1, . . . , (m − 1)} be deﬁned by
p(x) =
{
x if 0xm − 1,
n − x(=(−x)) if mxn − 1.
The following deﬁnitions of  and  will be ﬁxed for the rest of the paper:
Deﬁnition 3.
(vx) = (2x),
((vx, vy)) = (x + y),
(vx) = 0,
((vx, vy)) = p((x − y)).
Thewell-deﬁnition of(vx, vy) follows from the fact that x − y+y − x=n, and therefore
p(x − y) = p(y − x). The special case where n = 5 is shown in Fig. 1.
The following proposition is true only because n is odd.
Proposition 4. Let r be a ﬁxed integer such that 1rn − 1.
(1) Let e be a ﬁxed edge such that (e) = p(r). Then there is precisely one integer x such
that e = (vx, vx+r ), where 0xn − 1.
(2) Each vertex in V is incident with exactly 2 edges from −1(p(r)).
Theorem 1.  is a magic m-surjection with magic constant (m − 1)m.
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Proof. Let v be an arbitrary vertex. Since (v) = 0, we can calculate wt(v) by adding
together the labels on the edges incident with v. By Proposition 4, part 2, each integer





l = (m − 1)m.
Since v is arbitrary, the result follows. 
Theorem 2.  is a magic n-surjection with magic constant n(m − 1).
Proof. Let vx ∈ V be arbitrary. Then,









The set of summands on the right-hand side is exactly the set {0, 1, . . . , n − 1}. 
Theorem 3.  and  are compatible.
Proof. Let q and r be integers such that 0qm − 1 and 0rn − 1. We need to show
that |−1(q)∩−1(r)|=1. If q =0, then this just follows from the fact that  gives different
labels to different vertices (n is odd).
Now, assume that q1 and that e, e′ ∈ −1(q). By Proposition 4, we can write
e= (vx, vx+q) and e′ = (vy, vy+q), where x (respectively y) is determined by e (respectively
e′). If (e) = (e′), then 2x + q = 2y + q (mod n), and hence x = y (mod n). This shows
that |−1(q) ∩ −1(r)|1.
To see why |−1(q) ∩ −1(r)| = 1, observe that the equation
2x + q = r (mod n),
can always be solved for x, indeed pick x = m(r − q). 
Corollary 1. Let  be any permutation of {0, 1, . . . , n − 1}. Let  be deﬁned by
(x) = ((x)) for each x ∈ V ∪ E. Then,  and  are compatible surjections.
Theorem 4.  is a magic m-surjection with magic constant
h = m(m − 1) − (0).
Proof. The argument is very similar to the one used in the proof of Theorem 1, the only
difference being that, a vertex now has a label of (0) instead of 0. Following that proof,














Fig. 2. 15-surjection resulting from 5+ .
we use Proposition 4, part 2, to write





Adding and subtracting (0) yields:
wt(v) = 2(1 + · · · + (m − 1)) − (0)
= m(m − 1) − (0). 
Theorem 5. Let  be any permutation of {0, 1, . . . , m−1} and let q=(0). Let =n+.
Then  is a magic mn-surjection with magic constant h = n(m2 − 1 − q).
Proof. The fact that  is an mn-surjection follows from Corollary 1 and Proposition 2.
The magic property and the calculation of h follows immediately from Proposition 1,
Theorems 2 and 4. 
We now use Propositions 3 and 1 to immediately get
Corollary 2. For each q, 0q(m−1), the labeling +1 is a vertex magic total labeling
of G with magic constant n(m2 − q).
The astute reader will recognize that taking q = 0 gives the upper bound for h in the
abstract, while taking q = m − 1 will give the lower bound. Indeed, if q = 0, then  + 1
labels the vertices with the smallest possible integers, 1, 2, . . . , n. But we observed in the
introduction that such a choice of vertex labels must result in the largest possible constant.
Similarly, if q = m − 1, then  + 1 labels the vertices with the largest possible integers,
n(m−1)+1, n(m−1)+2, . . . , nm. This must give us the smallest possible magic constant.
The surjections  and  are shown in Fig. 1 for the case n=5. The 15-surjection resulting
from 5 +  is shown in Fig. 2. It is an easy exercise to permute the numbers {0, 1, 2} in
Fig. 1 (right) to get other magic 15-surjections with magic constants 35 and 30.
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4. Altering 
So far (Theorem 5) we have found magic mn-surjections with magic constants
n(m2 − 1), n(m2 − 2), . . . , n(m2 − m), but for n> 1, we still need magic surjections
with magic constants in between these numbers. The goal of this section is to ﬁll in all of
those gaps. Let h be in the feasible range, i.e.
n(m2 − m)hn(m2 − 1).
We can assume that h is not one of the constants dealt with by Theorem 5. The idea is to
take a suitable labeling from Theorem 5 which has magic constant slightly higher than h,
and perform a series of adjustments to this labeling. Thus in the following proof, we will
write h in the form h= n(m2 − 1− q)− r where 1rn− 1, and the associated labeling
from Theorem 5 will thus have a magic constant of h + r . A worked example with n = 5,
h = 38 and thus r = 2 is shown in Figs. 3–5.
The main result in this paper is the following:
Theorem 6. Given any integer h,n(m2−m)hn(m2−1), there is amagicmn-surjection










































Fig. 4.  and 2 for n = 5 and h = 38.




























Fig. 5. 1 and 2 for n = 5 and h = 38.
Proof. By Theorem 5, it remains to consider the case where h = n(m2 − 1 − q) − r ,
where 0qm − 2, 1rn − 1. Since qm − 2, we can let  be a permutation of
{0, 1, . . . , m − 1} such that (0) = q and (p(r)) = q + 1. By Theorem 5,  is a magic
mn-surjection with magic constant h+r . Our strategy is to alter  to get a magic surjection
with magic constant h. Deﬁne
r (w) =
{
(w) if w ∈ E,
(w) − r if w ∈ V.
Let 0 =n +r . Observe that 0 coincides with the magic mn-surjection  on the edges.
Furthermore, r is compatible with , since r gives different labels to every vertex while
 gives the same label to every vertex. It follows that 0 is an mn-surjection. Moreover, 0
has the required weight of h for those vertices where (v) − r0. For the others, (v) − r
is actually bigger than (v). Thus,
wt0(vj ) =
{
h if r2jn − 1,
h + n if 02jr − 1.  (2)
We need the following:
Lemma 1. There is a sequence of m-surjections  = 0, 1, . . . , r such that:
(1) For each i, 0 ir , i is compatible with r .
(2) For each i, 0 i(r − 1) and for each j, 0jn − 1,
wti+1(vj ) =
{
wti (vj ) if 2j = i,
wti (vj ) − 1 if 2j = i.
Once we have the lemma, it follows immediately that
wtr (vj ) =
{
wt(vj ) if r2jn − 1,
wt(vj ) − 1 if 02jr − 1.
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Fig. 6. i and i+1.
Thus, letting r = nr + r and comparing with (2), we get that
wtr (vj ) = h for all j, 0jn − 1.
Hence, the theorem is reduced to the following:
Proof. We deﬁne i+1 to be the numbering obtained from i by switching the label on the
vertex vmi+r with the label on the edge (vmi+r , vmi). Comparing 0 to r , the r “switched
vertices” are all distinct since the map i → vmi+r is injective. Similarly the r “switched
edges” are also distinct, since themap i → (vmi+r , vmi) is also injective.The only difference
between i and i+1 is as shown in Fig. 6. Thus, the weight of vmi has been decreased by
1, and all other weights are the same. Since 2mi = i, condition 2 now follows.
We will prove condition 1 inductively having already observed it to be true for 0 = .
But this follows from the observation that every switch above occurred between an edge
and a vertex which had the same label from r . Indeed,
r (vmi+r , vmi) = (vmi+r , vmi) = 2mi + r = i + r
and
r (vmi+r ) = 2(mi + r) − r = i + r .
This proves the lemma from which the theorem follows. 
Finally, by Proposition 3, we get:
Corollary 3. If n is an odd integer then Kn has a VMTL with magic constant h if and
only if
(n/4)(n2 + 3)h(n/4)(n + 1)2.
5. Conclusions
Our labelings for Kn used in a crucial way the assumption that n is odd. In fact, it is a
trivial matter to show that K2 does not have a VMTL. Furthermore, K4 does not have a
VMTL for the feasible values 19, 22 and 25 (see [7]). A VMTL for Kn with n even and
n6 is given in [4]).
We hope that the methods introduced here can eventually be adapted for other families of
graphs. A possible example might be the cycles Cn. For these graphs, theVMTL’s coincide
with the edge-magic labelings [1].
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